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ABSTRACT: In this study, exact trigonometric displacement function was used to solve the buckling 
problem of a three-dimensional (3-D) rectangular plate that is clamped at the first-three edges and the 
other remaining edge simply supported (CCCS) under uniaxial compressive load. Employing 3-D 
constitutive relations which consist of entire components, the functional for total potential energy was 
obtained. After that, the rotation and deflection at x-axis and y-axis were formulated from the 
established compatibility equations to get an exact trigonometric deflection function. The 
characteristics equation was obtained by differentiating energy equation with respect to deflect to 
obtain the relations between deflection and rotation.  The equation of the total potential energy is 
minimized with respect to the deflection coefficient after incorporating the deflection and rotation 
function, the critical buckling load formula was established. The solution for the buckling problem 
gotten shown that the structure of the plate is safe when the plate thickness is increased as the outcome 
of the study showed that the critical buckling load increased as the span- thickness ratio increased. The 
overall difference in form of percent between the present work and previous studies recorded is 5.4%. 
This shows that at about 95% certainty, the present work is perfect. The comparison of this study with 
the results of previous similar studies revealed the uniformity 3-D plate theory and the variations of 
CPT and RPT theories in the exact buckling analysis of a rectangular plate. However, this approach 
which includes all the six stress elements of the plate material in the analysis produced an exact 
deflection function unlike the previous studies which used assumed functions. Furthermore, the 
theoretical analysis of this study demonstrates a novel approach to solve the buckling problem 
rectangular plate which is capable of analyzing rectangular plates of any thickness configuration. 

KEYWORDS: CCCS rectangular thick plate, exact trigonometric deflection function, three-
dimensional plate theory, critical buckling load under uniaxial compression  

1. Introduction 

Plates are three dimensional elements that comprises 
of two large plane perpendicular surfaces detached by a 
thickness [1, 2] and its application is widely seen in 
several engineering fields such as aeronautics, astronautic 
engineering, structural industries and marine structures. 
In recent years, the use of plates has greatly increased as 
a result of some benefits such as its versatility, 
affordability lightweight and its ability to resist heavy 
loads [3].  

It is essential to examine the geometry of the plates 
and their supports, the behavior of the material used, the 

type of loads and their method of application; due to its 
complexity [4]. Plates can be rectangular, square or 
circular in shape. Based on the materials of construction, 
plates can be anisotropic, isotropic and orthotropic. The 
plates also have free edge, simply supported and fixed 
supported edge conditions [5]. Plates can also be 
classified as thin, thick and moderately thick plates based 
on their thickness [6, 7]. Based on span-to-depth ratio, [7] 
considered 𝑎𝑎/𝑡𝑡 ≤ 10 as thick plate, 15 ≤ 𝑎𝑎/𝑡𝑡 ≤ 40 as 
moderately thick plate and 𝑎𝑎/𝑡𝑡 ≥ 45 as thin plate. The 
importance of thick plate and its wide application in 
different aspects of engineering has necessitated more 
researches so as to maximize its application potential. 
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The bending, vibration and the buckling of plates are 
research areas for analyzing thick plates [8]. The 
phenomenon where a critical load value without further 
load application makes a material under the influence of 
in-plane loads to move from a stable to unstable 
equilibrium state is called buckling [9]. Buckling of plates 
can be classified as elastic and inelastic. For elastic 
buckling analysis, when the plate is stressed beyond the 
elastic limit before the beginning of buckling, it is said to 
be an inelastic or plastic buckling problem [10]. When the 
in-plane compressive load is increased beyond their 
critical values, the outcome is totally plate failure. Many 
scholars have employed different methods to solve the 
elastic buckling problems of thick plates. Generally, these 
methods include the equilibrium (Euler) methods, 
numerical methods, and energy methods [7].  

Equilibrium methods such as the Fourier series 
method, the methods of integral transformation, Navier’s 
double trigonometric series method, and the separation of 
variables method; Subject to the restraints of the plate 
edges and the loading boundary conditions, yields closed 
form solutions to the governing partial differential 
equations of equilibrium of the elastic buckling problem 
of plates within the domain of the plate [11]. However, 
the limitation of this method is that their application to 
plates with fixed edges, free edges and mixed support 
condition results in analytical difficulties. Numerical 
methods such as finite difference methods, finite strip 
methods, the finite element methods, and boundary 
element methods; yield approximate numerical solutions 
of the plate problem. Energy methods such as Rayleigh-
Ritz method, Ritz variational method, and Kantorovich 
variation method, are methods of investigating the elastic 
buckling behavior of plates based on the application of 
the minimum principle to the total potential energy of the 
plate buckling problem. To obtain the characteristic 
buckling equation whose roots yields the buckling loads, 
energy methods minimize the total energy function of the 
plate’s elastic buckling problem as regards to the 
parameters of the shape function.  

A series of theories have been developed and 
employed to investigate the stability of plates. Such 
theories include the classical plate theory (CPT) and the 
refined plate theory (RPT). The CPT is a plate theory that 
ignores shear deformation that is lying across it, which is 
mostly used for analyzing thin plates [12]. The CPT 
overestimates buckling loads, natural frequencies and 
underestimates deflections for moderately thick or thick 
plate. It is inadequate for thick plate’s analysis as a result 
of neglected transverse shear strains.  

The refined plate theory (RPT) was formulated to 
overcome the limitations of the CPT. The RPT proposed 
by authors in [13] and [14] addressed vertical shear 
deformation effect in plate analysis. The RPT include; 

First order shear deformation theory (FSDT), Second 
order shear deformation theory (SSDT). To produce 
accurate results, the FSDT and SSDT require a shear 
correction factor. It is difficult to obtain exact values 
because the shear correction factor depends on 
parameters such as support case, loading type and 
geometry. The High-order shear deformation theory 
(HSDT) was developed in order to consider the shear 
deformation effect without the factor of shear correction 
in plate analysis and to achieve a real difference between 
transverse shear stress at the plate surfaces [15]. The 
negligence of normal stress and strain along the thickness 
axis of the plate, makes the refined plate theory 
inconsistent, hence it can be addressed as a 2-D theory or 
an incomplete 3-D theory [16].  

Employing a modified Stowell’s technique, the 
authors in [16] investigated the buckling of an isotropic 
rectangular plate that is uniaxially loaded with a free edge 
that is not loaded. The authors considered plates with 
edge conditions of SCFC, CSFS, SSFS, CCFC, CSFC and 
SCFS. Applying polynomial functions from Taylor-
Maclaurin series for each plate, the shape function was 
first determined. For different values of aspect ratio and 
moduli ratio, the authors presented the coefficients of 
buckling of each plate. Although their findings agreed 
reasonably with previous works, their study did not 
address a thick plate nor was a CCCS edge condition 
considered. The authors also did not employ the 
trigonometric functions.  

To investigate the buckling behavior of a rectangular 
thick plate subjected to uniaxial in-plane compressive 
loading, the authors in [17] applied polynomial 
displacement functions. The direct governing equation 
which was obtained from orthogonal polynomial 
displacement functions, was solved to obtain the equation 
used to obtain the parameters for the determining 
buckling load. Although their results so similar when 
compared with previous studies as they did not involve 
CCCS edge condition and did not take trigonometric 
function into account.  

The authors in [18] employed a split-deflection 
method and applied to the buckling analysis of thin 
rectangular plates under vibration. They also applied 
trigonometric to obtain the governing equation of the 
plate’s equilibrium forces which was solved to get 
deflection function for  CCCS rectangular plate analysis; 
their study did not address a thick plate as their 
assumption is limited to CPT which will not yield a good 
result when the plate is relatively thick.  

The shape function derived from polynomial series 
was applied in the work of authors in [19] to determine 
the buckling behavior of the isotropic rectangular plate 
using the Ritz method. The authors substituted the shape 
function into the potential energy function, which was 
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later minimized and the critical buckling load was 
obtained. The authors did not take into account a three 
dimensional CCCS thick plate. There was also no 
consideration for trigonometric function to ensure the 
exact solution rather than other shape function whose 
solution cannot be reliable for analysis of thick and 
moderately thick plate [20].  

The third-order energy functional was used by 
authors in [21] to investigate the buckling of CCSS and 
CCCS isotropic rectangular plates. At every point in the 
plate within the plate domain and adding the product of 
the stress and strain, the authors formulated third order 
strain energy. To get the total energy functions of third 
order, strain energy was also summed with the external 
load. The method of direct variation was adopted to 
actualize this. Although the results of their study showed 
some degree of accuracy when compared to previous 
works, they did not consider the application of 
trigonometric displacement function.  

Variation energy method was used by authors in [22] 
to analyze the buckling of a 3-D CCCC thick plate 
applying both polynomial and trigonometric function. 
Although the three-dimensional plate theory and the 
uniaxial compressive load were applied, the authors 
failed to consider a thick plate with the CCCS boundary 
condition.  The buckling of isotropic stiffened CCCC plate 
was investigated by the authors in [23]. The authors 
employed the use of the work principle approach and 
varied the aspect ratios, the properties of stiffness and the 
number of stiffeners, to analyze the critical buckling of the 
plates. The shape function was theoretically derived 
using Taylor Maclaurin’s displacement function. The 
authors in [23] did not apply trigonometric displacement 
function and 3-D plate theory. The CCCS plate was not 
addressed in both studies. Since a thick plate is a typical 
three-dimensional structural element and not much work 
has been done applying 3-D plate theory, this present 
study is necessary.  

Considering the approach of exact displacement 
function, the authors in [24, 25 and 26] obtained an 
analytic solution for the elastic buckling analysis of plates. 
The authors derived the displacement function from the 
compatibility equation to get a close form solution for 3-
D stability analysis of thick plate under uniformly 
distributed load. The authors in [25] did not apply 
trigonometric function which predict the exact buckling 
load and both authors [24, 25 and 26] did not address 
isotropic thick plates with three clamped edges and one 
simply supported edge (CCCS).  

The physical interpretation of CCCS plate is that, the 
three clamped edges are supported by a column and the 
other supported a beam, depicting the relevance of the 
present study. This is because the boundary condition 
depends on the type of beam/column support in the plate, 

thus when CCCS initial condition occurs in the a plate 
material, analyzing it as any other type of plate as 
mentioned in the literature will not account for stresses 
induced. This is because, stresses are induced due to the 
applied load (in-plane load) in this case, and hence, non-
negligible error results. 

This work filled the gap as they applied the variation 
energy method with a trigonometric displacement 
function to get an exact three-dimensional stability 
rectangular plate under uniaxial compressive load. The 
focus of this study is to determine the calculating formula 
for the critical buckling load of thick plate that was 
clamped at the three edges and other edge simply 
supported (CCCS). Furthermore, the aspect ratio effect of 
the critical buckling load of the plate was evaluated to 
show its capacity to analyze different categories of plate, 
ranging from thin, thick and moderately thick plate. 

2. Methodology and Theoretical Analysis 

The theoretical analysis of this study lies in the 
buckling behavior of a three-dimensional rectangular 
plate’s material based on exact trigonometric plate theory. 
This study demonstrates a novel approach to solve the 
buckling problem of a three-dimensional CCCS 
rectangular plate subjected to compressive load. In this 
work, and displacement in x, y and z axis; u, v and w 
respectively are applied and presented in Equation (1), (2) 
and (3) (see [22]): 

𝑢𝑢 = 𝑧𝑧θ𝑥𝑥                                                                                              (1) 

𝑣𝑣 = 𝑧𝑧θ𝑦𝑦                                                                                             (2) 

 
Figure 1: displacement of x-z (or y-z) 

It can be seen in figure 1, that the six strains and stress 
elements required for the analysis were determined in 
line with the work of authors in [22].  

2.1. Formulation of Total Potential Energy 

The energy [∏] equation were obtained in line with 
the authors in [23] and presented as: 
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Where; 𝑁𝑁𝑥𝑥  is the uniform applied uniaxial 
compression load of the plate. 

2.2. Compatibility Equations 

According to the work of authors in [24], the 
compatibility equation was obtained by differentiation of 
total potential energy with respect to 𝜃𝜃𝑥𝑥  and 𝜃𝜃𝑦𝑦  to 
establish the relationship between the rotation and 
deflection: 
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Hence, for zero integrands, the true solution was 
gotten by simplifying and factorizing the outcome of the 
compatibility equation to give the algebraic solution in 
Equation (8) which is the relation of known and unknown 
variable to get the constant quantity c.  
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2.3. Governing Equations 

The governing differential equation was obtained 
after the total potential energy was differentiated with 
respect to deflection (w) and its solution gives the exact 
deflection function: 
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The true solution becomes: 
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The solution of Equation (11) to get an exact deflection 
and slope of the plate.  
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𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

                                                   (14) 

And; 

θ𝑦𝑦 =
𝑐𝑐
𝑎𝑎𝛽𝛽

.∆0. [1  𝜕𝜕  𝜕𝜕2𝜕𝜕3𝜕𝜕4]

⎣
⎢
⎢
⎢
⎡
𝑎𝑎0
𝑎𝑎1
𝑎𝑎2
𝑎𝑎3
𝑎𝑎4⎦
⎥
⎥
⎥
⎤

. [1  2𝜕𝜕  3𝜕𝜕2  4𝜕𝜕3] �

𝑎𝑎1
𝑎𝑎2
𝑎𝑎3
𝑎𝑎4

�

=
𝐴𝐴2𝑄𝑄
𝑎𝑎𝛽𝛽

.
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

                                                 (15) 

Where: 

𝐴𝐴2𝑅𝑅 = 𝑐𝑐.∆0.
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

.𝐴𝐴𝑄𝑄                                                                   (16) 

𝐴𝐴2𝑄𝑄 = 𝑐𝑐.∆0
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

.𝐴𝐴𝑅𝑅                                                                   (17) 

The constants; 𝑐𝑐,∆0,𝐴𝐴𝑅𝑅and 𝐴𝐴𝑄𝑄, thus, putting Equations 
(13), (14) and (15) into (3), simplifying and gives: 

∏ =
D∗ab
2a4

�(1 − μ)A2R
2kRR  

+
1
β2
�A2R. A2Q +

(1 − 2µ)A2R
2

2

+
(1 − 2µ)A2Q

2

2
� kRQ +

(1 − μ)A2Q
2

β4
kQQ

+ 6(1

− 2µ) �
a
t
�
2
��A2R

2 + A1
2 + 2A1A2R�. kR

+
1
β2

. �A2Q
2 + A1

2 + 2A1A2Q�. kQ�

−
Nxa2A1

2

D∗ . kR�                                     (18) 
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where: 

𝑘𝑘𝑅𝑅𝑅𝑅 = ���
𝜕𝜕2ℎ
𝜕𝜕𝜕𝜕2

�
21

0

1

0

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕;  𝑘𝑘𝑅𝑅 = ���
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕
�
21

0

1

0

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕     (19𝑎𝑎) 

𝑘𝑘𝑄𝑄𝑄𝑄 = ���
𝜕𝜕2ℎ
𝜕𝜕𝜕𝜕2

�
21

0

1

0

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕;  𝑘𝑘𝑄𝑄 = ���
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

�
21

0

1

0

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕    (19𝑎𝑎) 

𝑘𝑘𝑅𝑅𝑄𝑄 = ���
𝜕𝜕2ℎ
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

�
21

0

1

0

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕                                                (19𝑐𝑐)  

  
Minimizing Equation (18) with respect to A2R gives: 

(1 − 𝜇𝜇)𝐴𝐴2𝑅𝑅𝑘𝑘𝑅𝑅𝑅𝑅  +
1

2𝛽𝛽2
�𝐴𝐴2𝑄𝑄 + 𝐴𝐴2𝑅𝑅(1 − 2µ)�𝑘𝑘𝑅𝑅𝑄𝑄

+ 6(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2

[𝐴𝐴2𝑅𝑅 + 𝐴𝐴1]. 𝑘𝑘𝑅𝑅 = 0 (20) 

Minimizing Equation (18) with respect to A2Q gives: 
 

(1 − 𝜇𝜇)𝐴𝐴2𝑄𝑄
𝛽𝛽4

𝑘𝑘𝑄𝑄𝑄𝑄 +
1

2𝛽𝛽2
�𝐴𝐴2𝑅𝑅 + 𝐴𝐴2𝑄𝑄(1 − 2µ)�𝑘𝑘𝑅𝑅𝑄𝑄

+
6
𝛽𝛽2

(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
��𝐴𝐴2𝑄𝑄 + 𝐴𝐴1�.𝑘𝑘𝑄𝑄�

= 0                                                             (21) 
Rewriting Equations (20) and (21) gives: 

�(1 − 𝜇𝜇)𝑘𝑘𝑅𝑅𝑅𝑅 +
1

2𝛽𝛽2
(1 − 2µ)𝑘𝑘𝑅𝑅𝑄𝑄 + 6(1 − 2µ) �

𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑅𝑅� 𝐴𝐴2𝑅𝑅

+ �
1

2𝛽𝛽2
𝑘𝑘𝑅𝑅𝑄𝑄� 𝐴𝐴2𝑄𝑄

= �−6(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑅𝑅� 𝐴𝐴1               (22) 

�
1

2𝛽𝛽2
𝑘𝑘𝑅𝑅𝑄𝑄� 𝐴𝐴2𝑅𝑅 + �

(1 − 𝜇𝜇)
𝛽𝛽4

𝑘𝑘𝑄𝑄𝑄𝑄 +
1

2𝛽𝛽2
(1 − 2µ)𝑘𝑘𝑅𝑅𝑄𝑄

+
6
𝛽𝛽2

(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑄𝑄�𝐴𝐴2𝑄𝑄

= �−
6
𝛽𝛽2

(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑄𝑄� 𝐴𝐴1          (23) 

Solving Equations (22) and (23) simultaneously gives: 
𝐴𝐴2𝑅𝑅 = 𝐺𝐺2𝐴𝐴1                                                                            (24) 
𝐴𝐴2𝑄𝑄 = 𝐺𝐺3𝐴𝐴1                                                                            (25) 

Let: 

𝐺𝐺2 =
(𝑐𝑐12𝑐𝑐23 − 𝑐𝑐13𝑐𝑐22)
(𝑐𝑐12𝑐𝑐12 − 𝑐𝑐11𝑐𝑐22)                                                        (26) 

𝐺𝐺3 =
(𝑐𝑐12𝑐𝑐13 − 𝑐𝑐11𝑐𝑐23)
(𝑐𝑐12𝑐𝑐12 − 𝑐𝑐11𝑐𝑐22)                                                       (27) 

𝑐𝑐11 = (1 − 𝜇𝜇)𝑘𝑘𝑅𝑅𝑅𝑅 +
1

2𝛽𝛽2
(1 − 2µ)𝑘𝑘𝑅𝑅𝑄𝑄

+ 6(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑅𝑅                           (28) 

𝑐𝑐22 =
(1 − 𝜇𝜇)
𝛽𝛽4

𝑘𝑘𝑄𝑄𝑄𝑄 +
1

2𝛽𝛽2
(1 − 2µ)𝑘𝑘𝑅𝑅𝑄𝑄

+
6
𝛽𝛽2

(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑄𝑄                        (29) 

𝑐𝑐12 = 𝑐𝑐21 =
1

2𝛽𝛽2
𝑘𝑘𝑅𝑅𝑄𝑄;  𝑐𝑐13 = −6(1 − 2µ) �

𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑅𝑅;  𝑐𝑐23 = 𝑐𝑐32

= −
6
𝛽𝛽2

(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
𝑘𝑘𝑄𝑄                   (30) 

Minimizing Equation (18) with respect to A1 and 
simplifying the outcome gives: 

6(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
�[1 + 𝐺𝐺2]. 𝑘𝑘𝑅𝑅 +

1
𝛽𝛽2

. [1 + 𝐺𝐺3]. 𝑘𝑘𝑄𝑄� −
𝑁𝑁𝑥𝑥𝑎𝑎2

𝐷𝐷∗ . 𝑘𝑘𝑅𝑅
= 0                                                                  (31) 

Rearranging Equation (31) and simplify to give: 
𝑁𝑁𝑥𝑥𝑎𝑎2

𝐷𝐷∗ = 6(1 − 2µ) �
𝑎𝑎
𝑡𝑡
�
2
�[1 + 𝐺𝐺2]

+
1
𝛽𝛽2

. [1 + 𝐺𝐺3].
𝑘𝑘𝑄𝑄
𝑘𝑘𝑅𝑅
�                                    (32) 

 
2.4. Formulation of Total Potential Energy 

A numerical analysis is performed on the rectangular 
thick plate that was clamped in the first three edges and 
remaining edge simply supported under uniaxial 
compressive load as presented in Figure 2. 

 
Figure 2: A section of CCCS rectangular plate 

The plate at figure 2 has the following initial 
conditions: 

At  𝜕𝜕 =  𝜕𝜕 =  0; deflection (𝜕𝜕)  = 0                            (33)         
At  𝜕𝜕 =  𝜕𝜕 =  0;  slope � 𝑑𝑑𝑑𝑑

𝑑𝑑𝑅𝑅
𝑎𝑎𝑎𝑎𝑑𝑑 𝑑𝑑𝑑𝑑

𝑑𝑑𝑄𝑄
 � = 0                  (34)    

At  𝜕𝜕 =  𝜕𝜕 =  1; deflection (𝜕𝜕)  = 0                            (35) 
At  𝜕𝜕 = 𝜕𝜕 = 1, bending moment � 𝑑𝑑

2𝑑𝑑
𝑑𝑑𝑅𝑅2

� = 0;   Q =  1,

slope �𝑑𝑑𝑑𝑑
𝑑𝑑𝑄𝑄
� = 0                                                                           (36) 

Putting Equation (33) to (36) into the derived function 
of deflection gives: 
2𝐶𝐶𝐶𝐶𝐶𝐶 𝑔𝑔1 + 𝑔𝑔1𝜕𝜕𝑆𝑆𝑎𝑎 𝑔𝑔1 − 2;  2𝐶𝐶𝐶𝐶𝐶𝐶 𝑔𝑔1 + 𝑔𝑔1 𝜕𝜕𝑆𝑆𝑎𝑎 𝑔𝑔1 − 2 = 0  (37) 

The value of 𝑔𝑔1 that satisfies Equation (37) is: 
𝑔𝑔1 = 2𝑚𝑚𝑚𝑚 [𝜕𝜕ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑚𝑚 = 1, 2, 3 … ]                                          (38) 

Substituting Equation (38) into the derivatives of w 
and satisfying the boundary conditions of Equation (33) 
to (36) gives the following constants: 
𝑎𝑎0 = 𝑔𝑔1𝑎𝑎3;  𝑎𝑎1 = −𝑔𝑔1𝑎𝑎3;  𝑎𝑎1 = 𝑎𝑎3 = 0; 𝑎𝑎0 = −𝑎𝑎2 = 0     (39) 

Substituting the constants of Equation (38) and (39) 
into Equation (10) and simplifying the outcome gives: 
𝜕𝜕  = 𝑎𝑎3( 𝑔𝑔1 − 𝑔𝑔1𝜕𝜕 − 𝑔𝑔1𝐶𝐶𝐶𝐶𝐶𝐶 𝑔𝑔1𝜕𝜕 + 𝜕𝜕𝑆𝑆𝑎𝑎 𝑔𝑔1𝜕𝜕)

× 𝑎𝑎2(𝐶𝐶𝐶𝐶𝐶𝐶2𝑚𝑚𝑚𝑚𝜕𝜕 − 1)                                 (40) 
This gives; 

𝜕𝜕 = 𝑎𝑎3 × 𝑎𝑎2( 𝑔𝑔1 − 𝑔𝑔1𝜕𝜕 − 𝑔𝑔1𝐶𝐶𝐶𝐶𝐶𝐶 𝑔𝑔1𝜕𝜕 + 𝜕𝜕𝑆𝑆𝑎𝑎 𝑔𝑔1𝜕𝜕). (𝐶𝐶𝐶𝐶𝐶𝐶2𝑚𝑚𝜕𝜕
− 1)                                                                (41) 

Let,        
𝐴𝐴1 = 𝑎𝑎3 × 𝑎𝑎2                                                                                (42) 

and; 
ℎ = ( 𝑔𝑔1 − 𝑔𝑔1𝜕𝜕 − 𝑔𝑔1𝐶𝐶𝐶𝐶𝐶𝐶 𝑔𝑔1𝜕𝜕 + 𝜕𝜕𝑆𝑆𝑎𝑎 𝑔𝑔1𝜕𝜕). (𝐶𝐶𝐶𝐶𝐶𝐶2𝑚𝑚𝜕𝜕

− 1)                                                                (43) 
Thus;  

𝜕𝜕 = 𝐴𝐴1( 𝑔𝑔1 − 𝑔𝑔1𝜕𝜕 − 𝑔𝑔1𝐶𝐶𝐶𝐶𝐶𝐶 𝑔𝑔1𝜕𝜕 + 𝜕𝜕𝑆𝑆𝑎𝑎 𝑔𝑔1𝜕𝜕). (𝐶𝐶𝐶𝐶𝐶𝐶2𝑚𝑚𝜕𝜕
− 1)                                                                (44) 

Where; 
w and h are deflection and shape function of the plate 

respectively.  
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Using the particular trigonometric displacement 
function presented in Equation (44), the numerical of 
solution of the stiffness coefficients for deflection of 
rectangular thick plate analysis subjected to the CCCS 
boundary condition was obtained and presented.  

Let; trigonometric stiffness coefficient values of CCCS 
plate  𝑘𝑘𝑅𝑅𝑅𝑅 = 6173.94; 𝑘𝑘𝑅𝑅𝑄𝑄 = 4061.11; 𝑘𝑘𝑄𝑄𝑄𝑄 = 14851.88; 
 𝑘𝑘𝑅𝑅 = 308.61; 𝑘𝑘𝑄𝑄 = 376.2 

Where; the Poisson’s ratio of the plate be 0.3. 

3. Results and Discussions 

The numerical result of the analysis was obtained by 
employing trigonometric function at a different aspect 
ratio to get the result of non-dimensional critical buckling 
load on the three-dimensional CCCS rectangular thick 
plate presented in Figure 3 through 12. It is observed that 
the value of the critical buckling load Nx decreases as the 
value of the aspect ratio (1.0, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8 
and 2.0) increases at varying stiffness as shown in Figure 
3 through 12. This indicates that the chance of failure in a 
plate structure increases with an increase in plate width. 
This value begins to vary as the aspect ratio increases. 
This is quite expected because the increase in the plate’s 
aspect ratio decreases the capacity of the plate to resist 
buckling.  

The span to thickness ratio of the plate varies between 
4, 7, 10, 15, 20, 30, 40, 50, 60, 70, 80, 90, 100, 1000 and 1500 
at the varying breadth of the plate. More so, it is seen in 
the figures that the results the values of critical buckling 
load increase as the span- thickness ratio increases. This 
means that the failure in a plate structure is bound to 
occur as the in-plane load on the plate increases and gets 
to the critical buckling. The present theory predicts the 
buckling load of 64.3, 91.7, 102.5, 109.4, 112.1, 114.1, and 
114.8 for a square plate in the span to thickness ratio of 5, 
7, 15, 20, 30, and 40. Meanwhile, the value of the buckling 
load predicted for the same plate beyond the span to 
thickness ratio of 40 gives a constant value of about 115.4 
when corrected to two decimal places. This shows that the 
result of the critical buckling load of thin and moderately 
thick plate using the 3-D theory is the same for the 
stability analysis of rectangular plate under the CCCS 
boundary condition. But looking at a graphical 
representation of these results in Figures 3 to 12 shows 
that at span-thickness ratio of 20 and above the graph 
appears straight along the horizontal axis. This confirms 
the study of the authors in [8] which showed that thin and 
moderately thick plates with the span to thickness ratio 
are from 20 and above.  

In the validation of the result of the present study, a 
comparative analysis is performed to show the degree of 
divergence between the result of the present study with 
those of classical plate theory (CPT) and refined plate 
theory (RPT) as presented in Table 1&2 and Figure 13. The 
average percentage difference between the present study 

and those of authors in [18], [20], [21] and [27] is about 
6.33%, 6.37%, 6.47 and 2.59% respectively. Moreover, the 
result of the result of percentage difference being lower is 
quite expected because 3-D theory predict more close-
form answer to the problem and prudent to use compared 
to the CPT and RPT.  

The overall difference in percentage between the 
present study and those of 3-D elasticity theory in [27] is 
about 2.59%, while the average total percentage 
difference between the values from the present study and 
those of the 2-D RPT and CPT are 6.35 and 6.47 
respectively. Here from, the overall difference in terms of 
percentage between the present study and those of the 3-
D elasticity theory in [27] being lower than 2.6% show 
high level of insignificance in comparison, therefore 
debits that present theory gives an exact solution and can 
be reliable in the 3-D stability analysis of all types of a 
rectangular plate under such support configuration. From 
Figures 6, 7 and Table 4, the present study showed good 
agreement with previous studies but varied widely when 
considered as a thick plate at span to thickness ratios of 4 
and 7. Meanwhile, the average difference in terms of a 
percentage between the present work and those of CPT in 
[18] and [20] and 2-D RPT in [21] is higher than 6.4%. It is 
noticed from the analysis that the present theory 
converges faster with exact elasticity theory than the CPT 
and RPT, which proves exactness and dependable nature 
of the derived relations. Thus, it was discovered that the 
present study become closer to those obtained using the 
CPT in [24] and [25] as the span-thickness ratio increases, 
and closest to those using RPT in [20] for a square plate at 
span to thickness ratio of 7. It should be noted that the 
present result when compared with exact elasticity 
theorem according to the authors in [27] gave a small 
percentage difference of 2.5%; the value which appears to 
be almost the same with exact elasticity theorem proves 
the exactness of the present theory. The result of present 
work being slightly higher than those of authors in [26] as 
seen in the Figure 12 does not invalidate the result as it’s 
quite expected because the present theory which applied 
trigonometric theory predict more exact answer to the 
problems and prudent to use compared to other shape 
functions in the exact stability analysis of the plate. 
Meanwhile, the result of the present study is obviously 
higher than those of authors in [18], [20] and [21] because 
the authors in [18], [20] and [21] did not consider a typical 
3-D analogy rather 2-D which was gotten by making 
suitable assumption to the kinematics of the relation or 
state of stress through the thickness axis of the plate 
which make their result inexact. 

The result of comparative study confirmed that the 2-
D RPT is only an approximate relation while the 3-D 
trigonometric function established in this study gives an 
exact solution for stability analysis of plates under the 
same boundary condition compared to polynomial [27, 
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28]. However, the overall difference in terms of percent 
between the present work and past works in comparison 
is about 5%. This means that at about 95% certainty, the 
values from the present study are the same as those from 
past scholars.  

 
Figure 3: Graph of Critical buckling load (Nx) versus span-thickness ratio (∝

) of a square rectangular plate. 

 
Figure 4: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 1.5 

 
Figure 5: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 2.0 

 
Figure 6: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 2.5 

 
Figure 7: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 3.0 

 
Figure 8: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 3.5 

 
Figure 9: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 4.0 
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Figure 10: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 4.5 

 
Figure 11: Graph of Critical buckling load (Nx) versus span-thickness (∝) of a 

rectangular plate at aspect ratio of 5.0 

 
Figure 12: Graph of critical buckling load against aspect ratio (𝛽𝛽) on 

comparative analysis of results from previous and present study at span-
thickness ratio (∝) of 7 

Table 1: Comparison of critical buckling load of plate between the 
present study [P.S] and previous studies on CCCS plate at span to 

thickness ratio of 7 

Critical Buckling Load Coefficients 
b/a [18] [20] 

 
[21] [27] [P.S] 

1.0 89.354 89.337 89.227 86.092 91.658 
1.2 59.060 59.047 58.976 59.899 62.695 
1.3 50.735 50.722 50.663 52.281 54.289 

1.4 44.794 44.777 44.731 46.706 48.143 
1.5 40.434 40.415 40.375 42.529 43.542 

1.6 37.148 37.132 37.095 39.332 40.022 
1.7 34.620 34.605 34.571 36.840 37.279 
1.8 32.637 32.623 32.592 34.865 35.105 
2.0 29.777 29.764 29.736 31.980 31.931 

 

 
Figure 13: Graph of total average percentage difference against aspect ratio 

𝛽𝛽 = 𝑎𝑎/𝑎𝑎 

Table 2: Percentage difference analysis between the present study [P.S] 
and previous studies on CCCS plate at span to thickness ratio of 7 

b/a [18]&P.S [20]&P.S 
 

[21]&P.S [27]&P.S 

1.0 2.514 2.532 2.653 6.073 
1.2 5.798 5.819 5.932 4.459 
1.3 6.547 6.570 6.680 3.699 
1.4 6.955 6.993 7.087 2.986 
1.5 7.141 7.180 7.272 2.326 
1.6 7.182 7.223 7.313 1.723 
1.7 7.133 7.173 7.263 1.177 
1.8 7.030 7.072 7.159 0.685 
2.0 6.747 6.788 6.876 0.152 
Av. 
% 

Diff
. 

6.33 6.37 6.47 2.59 

Tot
al 
% 
Diff
. 

5.4 
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